Abstract. Let M ♯ k (N ) be the space of weight k, level N weakly holomorphic modular forms with poles only at the cusp at ∞. We explicitly construct a canonical basis for M ♯ k (N ) for N ∈ {8, 9, 16, 25}, and show that many of the Fourier coefficients of the basis elements in M ♯ 0 (N ) are divisible by high powers of the prime dividing the level N . Additionally, we show that these basis elements satisfy a Zagier duality property, and extend Griffin's results on congruences in level 1 to levels 2, 3, 4, 5, 7, 8, 9, 16, and 25. 
Introduction
Let M k (m, n)q n , where q = e 2πiz as usual, so that the gap in the Fourier expansion between the q −m term and the next nonzero coefficient is as large as possible. Such bases were explicitly constructed for levels 1, 2, 3, 4, 5, 7, 13 in [5, 6, 8, 9] ; in all of these cases, the coefficients a for nonnegative integers a, b, c, d. These divisibility results were refined into congruences modulo larger powers of small primes by Kolberg [10, 11] and Aas [1] , and these congruences were extended to the Fourier coefficients a 0 (m, n) of all elements f 0,m of the canonical basis for M ! 0 (1) by Griffin [7] . For N = 2, 3, 4, 5, 7, 13, divisibility results similar to Lehner's theorem modulo powers of N were proved in [8, 9] for the coefficients a 0 (z). In this note, for the genus zero prime power levels N = 8, 9, 16, 25 we prove analogous congruences for the Fourier coefficients a (N ) 0 (m, n) of basis elements of weight 0. Additionally, we give results on duality of Fourier coefficients and generating functions for these canonical bases, similar to known results in lower levels, and extend some of Griffin's results on congruences in level 1 to levels 2, 3, 4, 5, 7, 8, 9, 16, and 25.
Previous work
Generalizing Lehner's theorem on the coefficients of j(z) to the genus zero prime levels p = 2, 3, 5, 7, the first author and Andersen [2] proved the following divisibility results for 2010 Mathematics Subject Classification. 11F37, 11F33. This work was partially supported by a grant from the Simons Foundation (#281876 to Paul Jenkins).
1 the Fourier coefficients a (p) 0 (m, n) when the power of p dividing the exponent n is greater than the power of p dividing the order m of the pole. Theorem 2.1 (Theorem 2 [2] ). Let p ∈ {2, 3, 5, 7}, and let
Using this theorem, the authors [9] proved the following divisibility results for the cases with α > β. Theorem 2.2 (Theorem 1 [9] ). Let p ∈ {2, 3, 5, 7, 13} and let
Additionally, for N = 4, the authors proved the following theorem.
In [7] , Griffin proved the following congruence results for the Fourier coefficients a Theorem 2.4 (Theorem 2.1 [7] ). Write m = p α m ′ and p β n ′ where α, β ≥ 0 and m ′ , n ′ ≡ 0 (mod p). Then the following congruences hold.
For p = 2:
For p = 3:
For p = 5:
For p = 7:
Notation and statement of results
The first main result of this paper is the following theorem, extending Theorems 2.1 and 2.2 and giving divisibility results for the coefficients a (N ) 0 (m, n) in the prime power levels N = 8, 9, 16, 25.
The following congruences hold for α = β.
The space M 
where n 1 is the maximal order of vanishing at ∞ of a form in S 
, where p is the prime dividing N and (m ′ , p) = (n ′ , p) = 1.
Constructing canonical bases
In this section, we explicitly construct canonical bases for the spaces M The congruence subgroup Γ 0 (8) has 4 cusps, which may be taken to be at 0, , ∞. We choose the Hauptmodul
where 
For spaces M ♯ k (8) of arbitrary even weight k, the first basis element of weight k may be obtained from the first basis element of weight k +2 or weight k −2 by multiplying or dividing by the form
which has all of its zeros at the cusp at ∞. Thus, the first basis element will always be (S (8) (z)) k/2 . The rest of the basis elements in weight k may be constructed by multiplying by powers of ψ (8) (z) to get the appropriate leading term q −m and subtracting earlier basis elements to obtain the gap in the Fourier expansion. We thus construct canonical bases for all M ♯ k (8) consisting of modular forms f (8) k,m (z) for each m ≥ −k with Fourier expansion
and all of the coefficients a (8) k (m, n) are integers. In level 9, we use the Hauptmodul ψ (9) (z) =
has a simple pole at ∞ and values of 0, 3
at the cusps at 0, ± . Basis elements f
0,m (z) are polynomials of degree m in ψ (9) (z), and the first basis element of weight k ± 2 is obtained by multiplying or dividing the first basis element of weight k by
In level 16, the Hauptmodul is
, with a pole at ∞ and values of 0, −2, −4, −2 ∓ 2i at the cusps 0, . The form 
is used to obtain the first basis element in weight k ± 2 from the first basis element in weight k.
In level 25, the Hauptmodul is
, with a pole at ∞ and values of 0,
at the cusps at 0, ± . We define E (25) 0 (z) = 1, and note that the first basis element in weight 2 has q-expansion given by
it has maximal order of vanishing at ∞ and has integral Fourier coefficients, but is not a linear combination of eta-quotients. To obtain the first basis element of weight k ± 4 from the first basis element of weight k, we multiply or divide by the weight 4 form given by
so that if k = 4ℓ + k ′ with ℓ ∈ Z and k ′ ∈ {0, 2}, then the first basis element in weight k is E (25)
To get additional basis elements we multiply earlier basis elements by ψ (25) (z) and row reduce. Constructing a canonical basis {g 
then Table 1 gives values of n 0 and n 1 for the values of N considered here; note that if Γ 0 (N) has c N cusps, then n 1 = n 0 − c N + 1. We note also that by construction, all of the coefficients a 
Proving congruences
We require the U p and V p operators (see [3] ). For a modular form f (z) =
If p|N, then we actually have
. To prove Theorem 3.1, we need the following lemma.
Lemma 5.1. The following equalities are true.
0,5m (z). Additionally, if m ′ and the level are relatively prime, we have (8) . To see this, note that f |γ is holomorphic at ∞ for all γ ∈ SL 2 (Z) \ Γ 0 (8) . It suffices to show that (V 2 U 2 f )|γ is holomorphic at ∞ for all such γ. However, V 2 U 2 f (z) = By looking at Fourier expansions, we see that V 2 U 2 acts as the identity on f
0,2m (z) and annihilates f (8) 0,2m+1 (z). Additionally, V 2 (f 
0,m (z) must be divisible by 2 16 . Using similar methods in other levels, we obtain the following result. 
0,m (z) (mod 7 4 ).
